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Abstract 

We have constructed a quantum field theory in a finite box, with 
periodic boundary conditions, using the hypothesis that particles liv- 
ing in a finite box are created and/or annihilated by the creation 
and/or annihilation operators, respectively, of a quantum harmonic 
oscillator on a circle. An expression for the effective coupling con- 
stant is obtained showing explicitly its dependence on the dimension 
of the box. 
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1 Introduction 



The fact that the energy eigenvalues of the quantum harmonic oscillator is 
given by En = {n+l/2)hw allow us to interpret their successive energy levels 
as being obtained by the creation of a quantum particle of frequency w. This 
interpretation of the energy spectrum of the quantum harmonic oscillator was 
successfully used in the second quantization formalism. In short, one could 
say that Planck's hypothesis is realized in the second quantization formalism 
by the use of creation and annihilation operators of the quantum harmonic 
oscillator system This realization is obtained for the quantum harmonic 
oscillator defined on an infinite line. 

Let us consider a situation in which we want to describe the interaction 
of quantum particles living in a finite box with boundary conditions, for 
example, using the second quantization formalism. In this context, it seems 
natural to assume the statement concerning the connection between Planck's 
hypothesis and the energy levels of a quantum harmonic oscillator in this 
finite space and therefore analyze the consequences of this assumption in the 
construction of a quantum field theory (QFT) in a compact manifold. 

In j2j a discussion of a quantum harmonic oscillator in a circle and its 
associated Heisenberg algebra was presented. It was found that Mathieu's 
equation can satisfactorily describe the system and that the creation and 
annihilation operators of the system satisfy a sort of deformed Heisenberg 
algebra. In [3 a construction of a deformed scalar QFT based on g-oscillator 
|3], which is a deformed Heisenberg algebra, was presented and in |5j a proce- 
dure to perform perturbative computation up to second order in the coupling 
constant was implemented. Subsequently, it was shown [6^ that this deformed 
scalar quantum model is renormalizable up to second order in the coupling 
constant. 

In this paper, we use the same procedure developed in Refs. [3^ and 
to perform a perturbative computation for a QFT in a box. To do this, 
we use the hypothesis, already mentioned, that in a compact space with 
periodic boundary conditions, particles are created and/or annihilated by 
the creation and/or annihilation operators of a Heisenberg algebra of the 
quantum harmonic oscillator defined on a circle. As a result, we find that the 
effective coupling constant which appears in the perturbation series depends 
on a dimensionless quantity related to the linear dimension of the box. This 
approach permits us to construct a field theory that creates at any point of 
the space-time particles described by a deformed Heisenberg algebra, which 
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in the present case, the deformation parameter is inversely proportional to 
the dimension of the box. In this way we can investigate the interaction 
of point particles in compact spaces, showing how the boundary affects this 
interaction. 

Finally, we have computed the variation of the effective coupling constant 
for two different values of the size of the box, namely one corresponding to 
the time of nucleosynthesis of the standard cosmological model and the other 
to the present epoch. The choice of these values for the sizes of the box were 
done simply to perform a calculation and to show an example of the effect 
of the boundary on the effective coupling constant. This does not mean that 
our model has a connection with the standard cosmological model. 

This paper is organized as follows: In Section II, we present a discussion 
of a quantum harmonic oscillator on a circle which is described by Mathieu's 
equation. The deformed Heisenberg algebra associated with Mathieu's equa- 
tion is presented in Section III. In Section IV, we present a construction of 
a QFT in a box and perform some perturbative computation. In Section V 
we present the bound for the variation of the coupling constant. Finally, in 
Section VI we conclude with some comments. 



2 The quantum harmonic oscillator on a cir- 
cle 

In this Section we are going to discuss an equation defined on a finite interval 
of length L which reproduces the ordinary quantum harmonic oscillator in 
the limit L oo. For this proposal it is convenient to describe quantum 
mechanics on a periodic line and to do this we shall follow Ohnuki-Kitakado's 
formalism According to this formalism there are inequivalent quantum 
mechanics on (periodic line) depending on a parameter a (0 < a < 1). 
The momentum operator G on in the coordinate representation is given 
in this formalism as 

G — ^--^ + a, 0<a<l (1) 
i dO 

and the coordinate operator is given in terms of the unitary operator W 

W -^e'' . (2) 
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Let us consider the following equation on S"^ 



G^^ + k\w + W^ 



vl> = e\l> 



(3) 



where G and W were already defined ^. In order to have the above equation 
in the coordinate representation we substitute Eqs. (H)) and (j21) in Eq. Q 
for a = 0. Thus we obtain 



d9^ 



2K cos 9)'^{9) = 0. 



(4) 



with "${6 = 0) = "^{6 = 27i). This equation is the well known Mathieu's 
equation which first appeared in 1868 in the study of the vibrations of a 
stretched membrane of elliptic cross-section Mathieu's equation is an 
important equation in physics arising from the study of a variety of physical 
problems, from ordered crystals with the potential cos 2x ^ to the wave 
equation of scalar fields in the background of a D-brane metric Note that 
this is one possible equation on a periodic line since we chose for simplicity 
a = in Eq. (@)). According to Ohnuki-Kitakado's formalism ^ there are 
inequivalent quantum mechanics on 5*^ for each value of the parameter a 
(0 < a < 1). 

In order to consider the limit of Eq. (0)) when the radius of the circle goes 
to infinity we perform the change of variables 



e 



7r 



y + n, -L <y < L. 



(5) 



Using Eq. Eq. (jlj) becomes 



(6) 



where E = vr^e/L^. Then, using a trivial trigonometric identity and calling 
X = E + 271"^ K/L^ we obtain 



dy"^ 



TT 



2 , sin7ry/2L \ ' 
'Ky/2L i 



^ = 0. 



(7) 



^It would be also possible to define an equation with quadratic powers of W and W\ 
but the above equation is the simplest one. 
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The well known Sclirodinger's equation for the quantum harmonic oscillator 



+ A-y^ vi/ = 0, (8) 



is obtained for K = L^/vr^ in Eq. if L — cxo. It is then reason- 

able to take Eq. (0)) with K = L^/vr^ as the Schrodinger equation for the 
quantum harmonic oscillator on the circle with energy eigenvalue given by 

Suppose now we consider Mathieu's equation for K = L^/vr^ and L 
asymptotic. In this case the first levels are concentrated in values y <^ L and 
thus, according to previous discussion, these energy levels of Mathieu's equa- 
tion, which we call e^, will provide the energy levels of the standard quantum 
harmonic oscillator when L ^ oo. Now, analogously to the definition of a 
quantum particle through the ordinary quantum harmonic oscillator, we de- 
fine n quantum particles on the circle of length L as having energy e^. By 
consistency, e^^°° - eQ^°° = n{e^^°° - eQ^°°). 

In fact, there is a solution obtained by Ince and Goldstein El-El-El to 
Mathieu's equation, Eq. (0)), for asymptotic values of K. Their expansion for 
e, the characteristic value of the equation, in the present case, i.e, K = L^/n'^, 
provides for A the value 

A„ = z/„ - {i^l + l) ^ - (Sz/^ + + 9) ^ -1- . . . , (9) 

where z/„ = 2?7, + 1 and a = tt/L. For L —>■ oo, (a 0) we recognize 
the energy eigenvalues of the quantum harmonic oscillator. Thus we see 
that the above asymptotic solution El-El-El of the characteristic values of 
Mathieu's equation is a deformation of the quantum harmonic oscillator with 
deformation parameter equal to a = n/L. 

The above solution corresponds to the energy levels of Mathieu's equation 
when the parameter K appearing in Eq. (0)) is large, i.e, when a^(2n + 1)^/16 
is small El'El. Note that, even if L is large which leads to a localization of 
the solution, this is periodic with period 2L. 

Let us now consider dimensionfull variables. We call the dimensionless 
variables y and L as y = x / xq and L = Z/xo, where x, Z are dimensionfull 
and xq is a scale dimensionfull parameter. In this case when the dimensionless 
variable y varies from —L to L the dimensionfull variable x varies as —Z < 
X < Z. Thus, Z is the dimensionfull length of the one- dimensional space. 
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Furthermore, as explained before, the well known Schrodinger's equation for 
the harmonic oscillator is obtained for K = L'^/vr^ in Eq. ((7j), when L oo. 
In terms of dimensionfull quantities this limit is achieved when Z >> xq. 
Therefore, we could say that xq is a scale where deformed properties become 
relevant. 

3 Deformed Heisenberg algebra associated with 
Mathieu's equation 

The purpose of this section is to construct an algebra, like the Heisenberg 
algebra, for the Mathieu system described in the previous section. Like the 
standard algebra for the quantum harmonic oscillator, the algebra we are 
going to construct has creation and annihilation operators as part of its 
generators. 

To this end let us consider an algebra generated by Jq) ^ and described 
by the relations 

Jo At = At /(Jo), (10) 
AJo = /(Jo) A (11) 



A, At 



fW - Jo, (12) 



where t is the Hermitian conjugate and, by hypothesis, Jq = Jq and /(Jo) is 
a general analytic function of Jq. 

Using the algebraic relations in Eqs. (fTUjl - lfT^ we see that the operator 

C = At A- Jo = A At -/(Jo) (13) 

satisfies 

[C,Jo] = [C,A]= [c,At] =0, (14) 

being thus a Casimir operator of the algebra. 

We present now the representations of the algebra when the function 
/(Jo) is a general analytic function of Jo. We assume that we have an n- 
dimensional irreducible representation of the algebra given by Eqs. fllO|) - (fT^ 
and also that there is a state |0) with the lowest eigenvalue of the Hermitian 
operator Jo 

Jo|0) = ao|0). (15) 
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For each value of we have a different vacuum and therefore a better no- 
tation for this state could be 10)^,,. However, for simplicity, we shall omit 
subscript ao- 

Let |m) be a normalized eigenstate of Jo, 

Jo\m) = am\m) . (16) 

where 

am = riao) = /(a^-i) , (17) 

and m denotes the number of iterations of through /. 

As proved in [T3I, under the hypothesis stated previously ^, for a general 
function / we obtain 

Jo\m) = riao)\m), m = 0,l,2,---, (18) 
A^\m-1) = Nm-i\m), (19) 
A\m) = Nm-i\m-l), (20) 

where iV^-i = /'"('^o) — «o- Note that for each function f{x) the represen- 
tations are constructed by the analysis of the above equations as done in J3] 
for the linear and quadratic f{x). 

When the functional /(Jo) is linear in Jq, i.e., /(Jo) = q'^Jo + s, it was 
shown in ^1] that the algebra in Eqs. (fTI]|) - (fr^ recovers the g-oscillator 
algebra for oq = 0. Moreover, as shown in |14j, where the representation 
theory was constructed in detail for the linear and quadratic functions f{x), 
the essential tool to construct representations of the algebra in (fTUIl - lfT^ for 
a general analytic function f{x) is the analysis of the stability of the fixed 
points of /(x) and their composed functions. 

It was shown in ^3] and J3] that there is a class of one-dimensional 
quantum systems described by these generalized Heisenberg algebras. This 
class is characterized by those quantum systems having energy eigenvalues 
given by 

En+l = fiSn) , (21) 

where Sn+i and e„ are successive energy levels and /(x) is a different function 
for each physical system. This function f{x) is exactly the same function 
that appears in the construction of the algebra in Eqs. (ITU))-(|T21). In the 
algebraic description of this class of quantum systems, Jq is the Hamiltonian 

^ Jo is Hermitian and there exists a vacuum state. 
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operator of the system, A'' and A are the creation and annihilation operators, 
respectively. This Hamiltonian and the ladder operators are related by Eq. 
fll3|) where C is the Casimir operator of the representation associated to the 
quantum system under consideration. 

Now, let us show that the asymptotic solution to Mathieu's equation 
we presented in the last section belongs to the class of algebras discussed 
previously. In other words, we shall construct a Heisenberg-type algebra, 
an algebra with creation and annihilation operators, for the Ince- Goldstein 
solution (Eq. Q) to the quantum harmonic oscillator on and we shall 
find the characteristic function /(x) (see Eqs. (fTIUl -lfT ^ ) for this algebra. 
Furthermore, we shall also propose a realization, as in the case of the standard 
quantum harmonic oscillator, of the ladder operators in terms of the physical 
operators of the system. 

As described in |I5J and ^15] the first thing we have to do in order to 
describe the Heisenberg-type structure of a one-dimensional quantum system 
is to relate the energy of the system for two arbitrary successive levels (see 
Eq. (j2H)). For the energy spectrum given in Eq. Q, i.e. 



1 

n H — 
2 



we obtain 



(2r2 + 1)2 + 1 



a 
27 



5(2n + 1)^ + 34(2n + 1)2 + 9 



217 + 



(22) 



-n+l 



4 + 1 - (n + 1) - - 



24 



Thus, we have to invert Eq. 
n from Eq. ()22|) we get 



{n + 1) [10n{n + 2) + 21] — -|- ■ ■ • . (23) 
in order to obtain n in terms of e^. Taking 



/(e,^) = £^ + l-(25^ + l)--(25^ + l 



20e 



^^^^ + 1) 



27 



214+' 



(24) 

According to Refs. and jTSj, this solution is valid when a'^{2n + 1)^/16 
is small. Thus, since a = vr/L is considered small, n cannot be very large. 

Now, if we assume that is the eigenvalue of operator Jq on state \n) 
we identify /(x) appearing in Eqs. (fTS|) -(P m) with that one in Eq. 
for the quantum system under consideration. Then, the algebraic structure 
describing the quantum system under consideration is obtained using f(x) 
defined in Eq. fl24|) into Eqs. (fTUIl - lfT^ and can be written as 



At _ (2j„ + 1)^ - A\2Jo + 1) [20Jo(^o + i; 
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2 3 

[Jo, A] = -A + (2Jo + l)A^ + (2Jo + l)[20Jo(Jo + l) + 27] + 
ti ^ --^^^^ «^ 



(25) 

' ' ' ) 

(26) 



= 1 - (2Jo + 1)- - (2Jo + 1) [20Jo(Jo + 1) + 27] — + ■ ■ ■ , (27) 

where, according to Eqs. (fT^ - lj^ . A and A'^ are the ladder operators for 
the system under consideration, i.e, A^ when apphed to state |m), that has 
Jo eigenvalue e^, gives, apart from a multiplicative factor depending on m, 
the state \m + 1) has energy eigenvalue A similar role played by A. 

Note that, when a —>■ {L ^ oo), we re obtain the well known Heisen- 
berg algebra, as it should be, since we showed in the previous section that 
Mathieu's equation, Eq. (0)), for K = L^/vr^ = gives the well known 
Schrodinger's equation for the harmonic oscillator, Eq. (jH)), in this limit. 

Now, let us realize the operators A, A^ and Jq in terms of physical op- 
erators as in the case of the one-dimensional quantum harmonic oscillator, 
following what was done in ^H] and in for the square-well potential and 
g-oscillators Let us consider a one dimensional lattice in a momentum 
space where the momenta are allowed to take only discrete values, say po, 
Po + a, po + 2a, po + 3a etc, with a > 0. The left and right discrete derivatives 
are given by 

{dpf){p) = l[f{p + a)-f{p)], (28) 
(4/)(p) = l[f{p)-f{p-a)], (29) 

which are the two possible definitions of derivatives on a lattice. 
Let us now introduce the momentum shift operators 

T = 1 + adp (30) 
f = 1-adp, (31) 

which shift the momentum value by a 

{Tf){p) = f{p + a) (32) 

(T/)(p) = f{p-a) (33) 

and satisfies 

Tf = fT = i, (34) 
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where 1 means the identity on the algebra of functions of p. 
Introducing the momentum operator 



{Pf){p)=pf{p) 



(35) 



we have 



TP 
TP 



{P + a)T 
{P - a)T . 



(36) 
(37) 



Now, we go back to the reahzation of the deformed Heisenberg algebra 
Eqs. (j25|) - (j27j) in terms of physical operators. We can associate to the crys- 
talline structure of Mathieu's equation discussed in the previous section the 
one dimensional lattice we have just presented. 

Observe that we can write Jq for the asymptotic Ince- Goldstein solution 
to Mathieu's equation, Eq. (j221), as 



7 P 1 

Jn = — + -- 



2^ + 1 

a 



a 



5(2- + 1)^ + 34(2- + 1)2 + 9 
a a 



217+' 



(38) 

where P is given in Eq. pHjl and its application to the vector states \m) 
appearing in (fTH|) - (pn|) gives 



P \m) = m a \m) ,m = 0,l. 



(39) 



and 



r|m) = |m + l) ,m = 0, 1,--- , (40) 

where T and T = T^ are defined in Eqs. It is useful to note that 

from Eq. (j39|) it is possible to define the number operator N as N = P/a. 
With the definition of Jq given in Eq. (jHH|) we see that given in Eq. 
is the Jo eigenvalue of state \n) as desired. Let us now define 



At 
A 



S{P)T 
TS{P) 



where, 

s{py = -- 

a 



2^ 

a 



27 



5(2- + l) +34f2- + l' 
a / \ a 



39 



(41) 
(42) 



a 

217' 

"(43) 
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satisfies S'^(P) = Jq — ao where a^, defined in Eq. (fTH|) . is Eq. Following 
Ref. [21 one can show that A\ A and Jq given in Eqs. (gH), (021) and dSHl) 
respectively, obey the algebra defined in Eqs. (j^ . (pUj) and flTTj) . 

Note that the realization we have found in Eqs. (HH), and flHHIl 
is qualitatively different from the the realization of the standard harmonic 
oscillator. This is reasonable, since we have two physically different systems. 
Even if the standard quantum harmonic oscillator defined on — oo < x < cxo 
is a limiting case of the periodic one, it is not periodic and in this case there is 
no lattice associated to it. On the other hand, once L is finite, —L < x < L, 
the periodic structure is explicitly manifest and the realization in the finite 
case, given in Eqs. (HH), and shows it clearly. 

4 A quantum field theory in a box 

In section II we have presented a description of a quantum harmonic oscillator 
on a circle and in section III, its associated Heisenb erg-type algebra, i.e., 
an algebra having the Hamiltonian and the step operators as generators, 
corresponding to a quantum harmonic oscillator on a circle. This algebra 
is a deformed Heisenberg algebra which goes to the standard Heisenberg 
algebra when the radius of the circle goes to infinite. 

In this section, using the hypothesis that the successive energy levels of 
the quantum harmonic oscillator on a circle are still obtained by the creation 
or/and annihilation of a quantum particle on a periodic structure, we are 
going to construct a quantum field theory in a compact space. 

In the momentum space appropriated to the realization of the deformed 
Heisenberg algebra we discussed, besides the operator P defined in Eq. 
one can define two self adjoint operators as 

X = -t{SiP)il-adp)-{l + ad,)SiP)) = -tiA-A^), (44) 
Q = S{P){l-adp) + {l + adp)S{P)=A + A^, (45) 

where dp and dp are the left and right discrete derivatives defined in Eqs. 

(I2H1), (Gi- 
lt can be verified that operators P, x and Q generate the following algebra 
on the momentum lattice: 

[X,P] = taQ, (46) 
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[P,Q] = lax, (47) 
[X,Q] = 2tS{P){S{P + a)-S{P-a)). (48) 

This algebra is the analog of the Heisenberg algebra in the deformed case. 

Since the analog of the Heisenberg algebra for the deformed case has three 
generators, it is convenient to define three fields which we call 0(r*, t), n(r, t) 
and p(r, t). In terms of Fourier series these fields are given as 

^{r,t) = E / ^ ^ Qdt)e''-'^ (49) 
k V2ficu(fc) 

W,t) = j:^^^X^dt)e''-', (50) 



where uj{k) = \Jk'^ + m?, m is a real parameter and Vt is the volume of a 
rectangular box and 



^S,^^- (51) 



The time-dependent operators in the Hilbert space Qj^{t), Xkit) and 5^ will 
be defined in what follows and the components of k are given by 

h = —^, 2 = 1,2,3 , (52) 

with li = 0,±1,±2,--- and Zi being the lengths of the three sides of a 
rectangular box Q. We introduce for each point of this fc-space an inde- 
pendent deformed quantum harmonic oscillator constructed in the last two 
previous sections such that the deformed operators commute for different 
three-dimensional lattice points. We also introduce an independent copy of 
the one-dimensional momentum lattice defined in the previous section for 
each point of this fc-lattice so that Pi = P^ and T^, and S"^ are defined 
by means of the previous definitions, Eqs. ()3()j) - (j!TT| and ()43j) . through the 
substitution P — > P^. 

It is possible to show that 

4 = ^uTu^ (53) 
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A, 



a 2 



a 



+ 1 



a 
27 



5(2:^ + 1)4 + 34(2:^ + 1)2 
a a 



where 



5 



2-^ + 1 ) - 1 
a 



a 



5 2^ + 1 +34 2^ + 1 



a 

217 
Pt 



(54) 



(55) 



39 



+■ 



217 

(56) 

satisfy the algebra in Eqs. (HSJ, and for each point of this /c-lattice 
and the operators At, and Jo(^) commute among them for different points 
of this fc-lattice. 

Now, we define operators x ci'iid Q for each point of the three-dimensional 
lattice as 



<TtSt-Stf, 



Qk — "^k^k ~^ ^-k'^-k 



k k' V — fc 



{At - 4) 



(57) 
(58) 



such that xt = X-k Q\ — Q^k^ exactly as it happens in the construction 

of a spin-0 field for the spin-0 quantum field theory — . These operators 
appear in the Fourier expansion of the fields given in Eqs. (P^ -()5H ) . 
By a straightforward calculation, one can show that the Hamiltonian 

H = lJ^ d'r (n(f, ty + p\ p(r, t)\^ + 0(r, t){-V' + m^)(j){r, t)) , (59) 
can be written as 

k 

= lY.^{k){S{N^, + ir + {l + p)S{N^r) , (60) 



where p is an arbitrary number and 

,2 

\2 



SiN^k 



1 



a 
27' 



5(2iV,,+ l)' + 34(2iV,^ + l 



39 



217+' ■ 



(61) 
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Since the term in the Hamiltonian, (j59|) . proportional to p is time- independent, 
it seems that it cannot produce any relevant effect. Thus, for simplicity, we 
will take p = 0. In order that the energy of the vacuum state becomes zero 
we replace H in Eq. (jUUj) by 

H = \ E^ik) {S{N^, + ly + S{N^r - N^) (62) 



2 

k 



where 



= f{ao) - tto = 1 - aV2^ - 210^2^^ + • • • . (63) 

Note that in the limit L ^ oo, the above Hamiltonian is proportional to the 
number operator. 

The eigenvectors of H form a complete set and span the Hilbert space of 
this system. They are the following 

|0), 4|0), 44|0) for k ^ k', (4)2|0), • • • , (64) 

where the state |0) satisfies as usual ^^|0) = (see Eq. (O) for all k and 
Aj^, At for each k satisfying the deformed Heisenberg algebra Eqs. (j^HJ-ijlZI). 

The time evolution of the fields can be studied by means of Heisenberg's 
equation for Al, A^ and 5'^(= S{N^). Define 

hm^\{s\N^, + 2)-S\N^)) . (65) 

Thus, using Eq. ^ oi ^ and \n, aA = A^ we obtain 

'H,A^^=ujik)AlhiN^) . (66) 
We can solve Heisenberg's equation for the deformed case and the result is 

4(t) = 4(0) e'^W'^^^s)* . (67) 

Note that for L ^ oo we have h{Nj^) 1 and Eq. (|67|) gives the correct result 
for this undeformed case. Furthermore, we easily see that operators and 
Sj: are time-independent. We emphasize that the extra term, h{Nj:), in the 
exponentials depends on the number operator, being this the main difference 
from the undeformed case. The Fourier transformation of Eq. fj49|) can then 
be written as 

0(f,t) = a(f,t) + a(f,t)^ (68) 
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where 

with in Eq. being time-independent and a{r,t)'^ is the Hermitian 

conjugate of a{r,t). 

The Dyson- Wick contraction between ^ (p^Xi) and 0(0:2), can be computed 
using Eqs. (j68|l - (j69|l . which results in 

D^(xi, X2) = (S^^k + 1)' e^*'^(^^)'^(^«)^*i^ - S{N^f gTi-WMA^E-i) Aii2 

g 2il^(A;) 

(70) 

where Ai(:i2 = ti — ^2, ^^12 = "Ti — r2. The minus sign in the exponent holds 
when ti > t2 and the positive sign when ^2 > ^i- Note that when L —>■ 00, 
h{Nj:) — > 1 and S{Nj^ + 1)^ — S^Nj:)'^ 1 recovering the standard result for 
the propagator. 

We shall now present the result concerning the perturbative computation 
of the first order scattering process 1 + 2^1 +2 for pi 7^ p2 7^ p'l 7^ P2 
with the initial state 

|l'2) = ^At^AtjO), (71) 

and the final state 

\l\2') = ^A\ A\\0) , (72) 

where Ap. and Aj,. satisfy the algebraic relations in Eqs. ((23)- (EH) -These 
particles are supposed to be described by the Hamiltonian given in Eq. 
with an interaction given by A Jq^ : (j){'r,t)'^ : d^r, where fit = f2 ® t is the 
four volume of integration. To the lowest order in A, we have (F means the 
standard ^-matrix) 

(l',2'|r|l,2)i = -a / rf^x(l',2'| : 0^(a;) : |1,2) . (73) 

The first order computation follows, step by step, the computation of the 
first order scattering process given in Ref. |S| and gives us the following result 

(i'.2lr|i.2), = ^^-(P, + P. - Pi - Pi) . 

(74) 
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where 



(75) 



and from Eq. 







M0) = l- 3-- 123— + ... . (76) 



Note that when L — oo (a 0) we have A^^q ^ 1, h{0) — > 1, the box 
Q becomes an infinite box and Eq. ()74|) becomes the standard undeformed 
result It is convenient to note at this point that we are, by hypothesis, 
identifying the hnear dimensions of the box Q where we perform the spatial 
integration in Eq. ()73|1 with the dimensionfull length, Z {L = Z/xq), of 
the circle where the harmonic oscillator is defined. This identification is not 
strictly necessary, it comes from our approach that everything happens inside 
the spatial box Q. We suppose that in a universe approximated by a finite 
spatial box Q the step operators of the quantum harmonic oscillator defined 
on a circle of length Z, where Z is a linear dimension of the box Q, create 
and/or annihilate point particles. Thus, if the spatial box fl increases so does 
the length of the circle where the harmonic oscillator is defined. 

To second order in A the scattering process 1 + 2— >-l + 2 is given as 

(l',2'|r|l,2)2 = ^A2 / / d'xd'y{l',2'\T{:<p\x)::^\y):)\l,2) , 



2 

(77) 

where T denotes the time-ordered product. In order to convert the time- 
ordered product into a normal product we use the Wick's expansion. The 
propagator in the present case, see Eq. (f7n|) . is not a simple c- number since 
it depends on the number operator and this fact induces modifications 
in the standard Wick expansion. This subject was already discussed in jH] 
where the computation of a scattering process for a deformed QFT to second 
order in the coupling constant was presented. 

Following Ref. [S] we find for the scattering process under consideration, 
up to second order in the coupling constant, is given by 

(1', 2' |r| 1, 2), = ^ ' (^] ' m + A - P[ - P^) 

(/ + /' + /" + /'") , (78) 
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where 



An 



E 



1 



k \ Uk"^ + m?) [s — k)"^ + m? 



(79) 



with s = pi + p2 and 



I{s 
I(s 



t = pl- 

u=Pi 



p'l) 
- p'2) 



(80) 
(81) 
(82) 



In summary, the scattering process 1 + 2 ^ l' + 2' for pi 7^ p2 7^ Pi 7^ P2 
with the initial and final states given in Eqs. (f7T|) . (f72|) respectively, where 
Ap., A^p. satisfy the algebraic relations in Eqs. (j2Sl)-(I2Z|) and the particles 
are supposed to be described by the Hamiltonian given in Eq. with an 
interaction given by A /^^ : ^(f, '■ d^f is given up to second order in the 
coupling constant. A, as 



(i,2|r|i,2) 



2 + A2 + A2 



(83) 



where Ai is obtained from Eq. ()74|) . A2 comes from / and /' in Eq. ()78|) . A2 
and A2 come from I" and I'" respectively. 

Note that when L — 00 (a — 0) we have iVg — 1, h{0) 1, the box Q 
becomes an infinite box, Eq. (jHHI) becomes the standard undeformed result 
with Ai, A2, A2 and A2 being the same contributions that we find in the 
standard A 0'^ (non-deformed) model corresponding to the tree level, the s, t 
and u channels for one-loop level, respectively. Also, it is worth to notice that 
the perturbative expansion shows that the coupling constant which appear 
in the interacting Hamiltonian is modified as A — > XN^/hlO). This means 
that the effective coupling constant, Ae// = XN^/hlO), in this framework is 
modified due to the presence of the deformation parameter a = n/L. 



5 Contribution from the boundary for the 
variation of the couphng constant 

The comments in the last paragraph of the previous section allow us to con- 
nect the effective coupling constant appearing in the perturbation expansion. 
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which is given by XN^/hlO), with the size of the box we are considering, i.e., 
the hnear dimension Z of the box Q. In this section, based on this connection 
we are going to compute the variation of the effective couphng constant for 
two different values of Z, namely one corresponding to the time of nucle- 
osynthesis of the standard cosmological model and the other to the present 
epoch. The choice of these values, as said before, was done just to perform 
a calculation. With this choice we are not assuming that the Universe is 
described by our model. In fact, we want just to have an idea of what would 
be the contribution from the boundary, in a compact space, to the variation 
of the coupling constant in the framework of our approach. 

In order to investigate the variation of the effective coupling constant, let 
us define p = A'"q//i(0) which for two different values of L, namely L± gives 



^ ,l-4/2^-21ay2^^ + - , 

1 - 3ay25 - 123ay2i3 + . . . ' ^ ^ 

where we have used Eqs. (jHSI) and (ffn|) with a± = n/L±, L± = Z±/xo and 
= Ap±. 

In what follows let us compute the dimensionless quantity, Aa/a, given 

by 



1 - 7T^ ^ (85) 



where ± means the present time and the time at the moment of nucleosyn- 
thesis, respectively. 

We have assumed that the creation and/or annihilation operators of the 
quantum harmonic oscillator on a periodic line creates and/or annihilates a 
quantum particle. Along these lines we showed in Sections II and III that 
there is a deformation parameter a which is connected to the linear size of the 
box where the second quantized formalism is constructed through a = n/L 
with L given by L = Z/xq. As discussed in Section II, xq is a scale where the 
deformation starts to become relevant. In what follows, we will assume that 
the value of Xq is at least equal to the one corresponding to the scale of the 
electroweak phase transition just to have a reference size which will permit 
to perform our calculation . 

Now, let us compute the dimensionless quantity Aa/a for two different 
values of the dimensions of the box, namely, for Z^ ^ lO'^^cm and Z_ 
lO^^cm in accordance with our choice . For these values of the size of the 
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box, the deformation parameters are a+ = 7r/L+ = -kxq/Z^ 10"^^ and 
a_ ~ 10~^. Due to the magnitude of the deformation parameters under 
consideration it is suffice to take the lowest order expansion for p±^ which is 



Taking into account this expansion and the estimated value of a_ we obtain 
for Aa/a the following result 



6 Final comments 

In this paper we have constructed a QFT in a finite box. In order to construct 
this QFT, we used the hypothesis that particles living in a finite box with 
periodic boundary conditions are created and/or annihilated through the 
creation and/or annihilation operators, respectively, of a quantum harmonic 
oscillator on a circle. 

The quantum harmonic oscillator we have used is described by Mathieu's 
equation and its associated creation and annihilation operators obey a de- 
formed Heisenberg algebra. We have thus followed the treatment given in 
Refs. PI and [HI, which presents the construction of a deformed QFT based 
on g-oscillators, in order to construct the present QFT in a finite box. 

The perturbative series we have found shows an effective coupling con- 
stant given by Ae// = XN^/hifi), where A^o and /i(0), see Eqs. (jUHj) and (fTUj) . 
which depends on the dimensionless quantity L = Z/xq, where Z is a linear 
dimension of the finite box Q and Xq is a scale where the modified description 
of the creation of particles starts to be relevant. 

Even though our model is not a cosmological model, we considered an 
estimation of the bound for the variation of the effective coupling constant 
taking into account two values, Z, of the linear dimension of the finite box 
Q, one corresponding to the time of the nucleosynthesis of the standard 
cosmological model and the other to the size of the Universe nowadays. The 
result obtained, Aa/a < 10~^^, is in the range of results on the constraints 
for the variation of the coupling constants for different epochs of Universe 
[IH], we thus think that it would be interesting to analyze the approach we 
considered in this paper in a cosmological model. 




(86) 



Aa 



a 




(87) 
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